Some new fixed point theorems are presented for operators of accretive, nonlinear contractive, or nonexpansive type. These results are then used to establish a new existence principle for second order boundary value problems in Hilbert spaces. ᮊ
INTRODUCTION
Some general fixed point theorems for nonlinear operators between complete metric spaces are presented in this paper. These results were motivated from the study of differential equations in abstract spaces.
The paper is divided into three sections. Section 2 presents notation, definitions, and some well known fixed point results. In Section 3 we begin by presenting some general continuation type theorems for maps between complete metric spaces. These results were motivated by the papers of w x w x Schoneberg 13, 14 and more recently by a paper of Granas 8 . Our continuation theorems are then used to establish Leray᎐Schauder type alternatives for accretive, nonlinear contractive, or nonexpansive maps. Properties of projection maps together with the theory described above allow us to establish new fixed point theorems for nonlinear contractive and nonexpansive maps. Finally Section 4 uses results from Section 3 to prove an existence principle for second order boundary value problems in Hilbert spaces. An interesting feature of this existence principle is that no compactness condition is assumed on the nonlinearity; this extends a result w x of Mawhin 11 .
PRELIMINARIES
In this section we gather together some known fixed point results which will be used in Section 3. To begin with let X be a Hilbert space and ⍀ : X. A mapping T : ⍀ ª X is said to be Ä 4 w x is called the duality map 3, 6, 9 of X. By means of F, the semi-inner Ž . product . , . :
ii strongly accreti¨e if T is -accretive for some g M M.
w x THEOREM 2.2 14 . Let X be a real Banach space, U : X be open, and let I y T : U ª X be continuous and strongly accreti¨e. Then T has a fixed point
Ž . Ž . z s ␣ z z, ␣ z -1 for z ) 0 and ␣ is decreasing, then T is a Rakotch contraction. w x THEOREM 2.3 2 . Let ⍀ be a closed subset of a complete metric space X and T : ⍀ ª ⍀ is a nonlinear contraction. Then T has a unique fixed point.
Ž
Remark. Of course in a Hilbert space X and more generally in a . Banach space there are connections between contractive and monotone Ž . maps. For example, if T : X ª X X is a Hilbert space is nonexpansive then I y T : X ª X is monotone.
Finally to conclude this section we discuss the notation of measure of w x noncompactness 1, 9 . Let X be a Banach space and ⍀ the bounded X subsets of X. The Kuratowskii measure of noncompactness is the map w .
Here C is a convex set if X is a Banach space whereas C s X if X is not Ž . a Banach space. Throughout we let K U,C denote the family of Ѩ U mappings from U to C which are fixed point free on Ѩ U.
Remark. U and Ѩ U denote the closure of U in C and the boundary of U in C, respectively.
has a fixed point. Otherwise we say T is inessential. Ž .
for some g 0, 1 , then H , . has a fixed point in U.
Ž .
3.3
If S is essential then so is T.
Proof. Consider the set w x
As g 0, 1 : x s H x for some x g U .
Ä 4 Ž .
Notice A is nonempty since 0 g A, i.e., H s S is essential. We will show 0 w x that A is both open and closed in 0, 1 and hence by connectedness w x As 0, 1 . As a result all the maps are essential so in particular H s T is 
Ä 4 tion 3.1 implies x is a Cauchy sequence. By the completness of X n there exists x g U with x ª x. In addition since 
Ž . so 3.4 together with the fact that H u is continuous in t, uniformly for
We next use Theorems 3.1 and 3.2 to obtain results of Leray᎐Schauder type. Our results are given in the case when X is a Banach space; however, it is worth remarking that there is an obvious formulation in the case when X is a Frechet space. Ž .
is a continuous mapping and T U is bounded. In addition suppose
are satisfied. Then either Ž . 
1. Also / 0 since x g Ѩ U and 0 g U. Thus we have a contradiction so 5 Ž .5 ) 0. Now take x g U and suppose x y T x -for some g 0 0 0 w x 0, 1 . Then
Ž . Ž . 0 0 Ž . Ž . Theorem 2.2 implies that T . has a fixed point in U so 3.6 is satisfied. Theorem 3.1 implies that F is essential and we are finished. Ž Essentially the same reasoning as in Theorem 3.5 except we use . Theorem 3.2, with the ideas in Theorem 3.4, and Theorem 2.1 yields the Ž w x. following result which was proved in 13 . Theorem 3.7 implies that there exists u g U with u ª u. Now since
Remark. In fact there is an analogue of Theorem 3.6 if X ଙ is a uniformly convex Banach space.
Next we obtain a Leray᎐Schauder type result for contractive type maps in a Banach space. One could use Theorem 3.5 to obtain an existence result. We will however give a direct proof using the Boyd᎐Wong theorem; Ž . Ž . this has the added advantage in that we need not assume z s z y z Ž . ª ϱ as z ª ϱ here is as described in Theorem 3.9 as we did in Theorem 3.5. 
and so
Ž . This together with the fact that x y T x ª 0 as n ª ϱ yields 
Ž . This contradicts 3.8 . Consequently x is Cauchy so 3.5 is true. 
Ž .
It remains to show 3.6 . Now take x g U. Choose ) 0, ) 0 so that
Ž . Ž . Ž . A2 there exists g 0, 1 and u g Ѩ U such that u s T u .
Proof. Assume property A2 does not hold. Consider for each n g Ä 4 2, 3, . . . the mapping
S has a fixed point in U or there exists g 0, 1 and u g Ѩ U with
Ž . Suppose there exists g 0, 1 and u g Ѩ U with u s S u . Then
Ž . We now use Theorems 3.9 and 3.11 to obtain new fixed point theorems for nonlinear contractive and nonexpansive maps. Ž .
holding. Then T has a fixed point.
Remark. Condition 3.9 was introduced for compact maps by Furi and w x Pera 7 .
Ž . Proof. Define r: E ª Q by r x s P x , i.e., r is the nearest point Q projection on Q. It is well known that r is continuous and in fact nonexpansive. Consider the set B s x g E: x s Tr x .
Ä 4 Ž .
We first show B is nonempty. To see this we examine the map rT : Q ª Q. Now rT is a nonlinear contraction since for x, y g Q we have since r is nonexpansive
Thus Theorem 2.3 implies that rT has a fixed point, i.e., there exists Ž . Ž . Ž . y g Q with rT y s y. Hence z s Tr z with z s T y so B / л. In addition the continuity of Tr implies that B is closed. We next claim that B is compact.
First notice if ⍀ is a bounded set in E then creasing we have Fix i g N, N q 1 
The following well known result will be needed to prove our existence principle. Ž . w x iii The results in Mawhin's well known paper 11 follow from the Ž above theorem. The idea is to construct a modified problem whose . solution is also a solution of Mawhin's problem so that Theorem 4.2 can Ž w x 2 . be applied in 11 we have ⍀ s R . 
